SwinBee

Practice exercises — worked solutions

Solutions to the exercises in the SwinBee preparation document.
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The substitution method

/ sin  cos (cos z) sin (sin (cos z)) dz SwinBee 2022

Substitute one layer at a time, starting from the innermost function. With w = cosx we have
dw = —sinx dz:

/sin:ﬁcos (cos z) sin (sin (cosx)) do = — /cosw sin (sin w) dw.
Now with s = sinw we have ds = cos w dw:

—/sinsds = cos s + C = cos (sinw) + C = cos (sin (cosx)) + C.
Answer: cos (sin (cosx)) + C

/9 7di€ SwinBee 2019
winBee

0 V1++z

Substitute for the outer root, t* = 1+ /z. Then /z = t* — 1,z = (t* — 1)2 and dr =

4t (t* — 1) dt. For the limits, z = 0 gives t = 1, and z = 9 gives /z = 3,s0 ¢ = 2:

O dx 24t (12 1) /2 ) [t?’ ]2 <2 2> 16
= | S at=4 | (P-1)dt=4|5 —t| =4(Z+2) =2
/0 V1+z /1 t - 3], 3°3) 3

16
A : —
nswer 3

Because we changed the limits, there was no need to substitute back.

dzx
TS SwinBee 2024
/ vz —2024
This is a quadratic under a square root, of the form v/z2 — a? with a = 1/2024. Put x =
V2024 cosh ¢, so that dz = /2024 sinh ¢ dt and, since cosh?t — 1 = sinh?¢, /22 — 2024 =
1/2024 sinh ¢:
/2024 sinh ¢

dx
/ Vr2 —2024 ) +/2024sinht

dt:t+C’:cosh_1< x > +C
V2024

X
Answer: cosh™! +C
( 2V 2024>

or ln(m—l— :U2—2024>+C

The two forms differ by the constant In v/2024, so both are correct. This integral is also in the
table of standard integrals.
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2
/ 1~ 22 d SwinBee 2019
0

This has the form v/a? — x2? with a = 2, so put x = 2sin 6. Then dz = 2cos 6 df and V4 — 22 =
2 cos #, and the limits become § = 0 and § = 7/2:
/2

2 w/2 /2 in?2
/ \/4—$2d$:/ 4c0529d9:2/ (1+cos20)d9:2[0+sm 0} = .
0 0 0

2 Jo

Answer:

In the second step we used cos? § = %(1 + cos 20). As a check, the integral is the area of a quarter
of a circle of radius 2, which is %7‘(‘ 22 =,

Partial fraction decomposition

/ dx
5 = A SwinBee 2022
22 4+5x+6

1

The denominator factors as (x + 2)(x + 3), so we write T = %;_2 + m'%. Multiplying
through by (z + 2)(x + 3) gives 1 = A(z + 3) + B(z + 2). Setting x = —2 gives A = 1, and
setting x = —3 gives B = —1, so

dx 1 1
_ _ dz =1 2 — 1 3+ C.
/a:2—|—5a:+6 /<x+2 x+3> v =nfe+2]—lnjr+ 3+

Answer: In|z+2|—In|z+3]+C

This can also be written as In %‘ +C.
/ 227 d SwinBee 2024
——— dx W
5+ 322
The numerator has a higher degree than the denominator, so we divide first:
223 2z 10z

322+5 3 3(322+5)
The numerator of the second term is a multiple of 6x, the derivative of the denominator, so it

integrates to a logarithm:

23 2 10 2 5
dr =" ——.ZIn(3224+5)+C =" —Z1n(32%2+5) + C.
/5+3x2$ g3 g HC= g o g (374 5) 4

[a—

22 5

Answer: 379 In (3x2 + 5) +C

No absolute value is needed, since 322 + 5 > 0.
4

/ z+ 1 dz SwinBee 2024
1+ 22

The denominator is an irreducible quadratic, so we split the numerator into a multiple of 2z, the
derivative of the denominator, plus a constant:

4x+1_ 2z n 1
1422 7 1422 1422
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Then

4 1
/ T+ dx:2ln(1+x2)+arctanx+0.
1+ 22

Answer: 2In (1 + xQ) + arctanx + C

A quadratic denominator typically gives a logarithm plus an arctan. If the denominator is not
already of the form 22 + a2, complete the square first.

/ 7d$ SwinBee 2025
winBee

23 (22 4+ 1)

The full decomposition, % + x% + x% + Z gi{f , has five constants to find. It is quicker to add and

subtract 22 in the numerator:
1 (1+2?) -2 1 1

3 (@24+1) 232241 23 z@2+1)
The second term decomposes as % — a:fﬁ So

dzx 1 1 x 1 1
e " Vdr = —— 1 “In (22 +1) +C.
/a:3(a;2+1) /(a:3 x+x2+1) v 222 n]m\—i—zn(:c + )+

1 1,
Answer: 53 In |z| + iln (z*+1)+C

Writing 1 = (1 + 2?) — 2% makes life a lot easier.

Integration by parts

/ 22 Inz dx SwinBee 2022

Take u = In ;, which becomes simpler when differentiated, and dv = 22 dx. Then du = dx/x
and v = 23/3:

3 1 3 3
/x21nxdx:élnx—3/x2dx::;lnw—g+C.
3 3
Answer: %lnx— %—i—C

The other choice, dv = In = dx, needs the integral of In « and leads to a harder integral than the
original. If integration by parts makes things more complicated, try swapping v and dv.

dx d
W X SwinBee 2024
Write the integral as 4 f xe 223 dz, and take u = x and dv = e~ 2773 dx, so that v = —%e_%_?’:

1
4/$e_2$_3 dr =4 (—ge_%_?’ + 3 /e_gx_?’ d:c>

= 23 B L 0= (224 1) e @34 C.

Answer: —(2z+1)e >34 C

Take care with the factor of —% in v. Differentiating the answer is a quick way to catch this kind
of mistake.
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6.1

/ 22 arcsin z dx SwinBee 2023

Take v = arcsin z, which becomes simpler when differentiated, and dv = 22 dx. Then du =

dr/v/1—x2and v = 23/3:
3 1 3
/ac2 arcsinz dx = %arcsina:— 3/\/156_7@0

The remaining integral needs a substitution. With w = 1 — 22 we have dw = —2z dz and
2
4 =1—w,so

[ ite =g [ =g (v ) = v T

Substituting back w = 1 — 2% and simplifying,

2® Vi—a?  (1-22)%°

2 - .
dr = — — C

/ x” arcsinx dz 5 arcsin x + 3 5 +

3 22 4+ 2) V1 — 22

= x—arcsinx+ ( ) + C.

3 9

z? (22 +2) V1 — 22
+C

Answer: 3 arcsinz + 9

Integration by parts to remove an inverse function, followed by a substitution, is a common
combination.

/ (Inz)? da SwinBee 2022

Take dv = dz. Each application of parts reduces the power of the logarithm by one:
/ (Inz)®de =z (Inz)® — 3/ (Inz)*dz,
/(lnx)ZdaE =z (nz)? - 2/lnxd:c,
/lnxd:): =zlhz —=.

Combining these,

/(lmac)3 dz =z (Inz)® — 3z (Inz)* + 621Inz — 6z + C.

Answer: z(Inz)® — 3z (Inz)? 4 6zlnz — 62 + C
In general, [(Inz)" dz =z 3 p_o(—1)"*2 (Inz)". The 2019 paper asked for ff’ (Inx)* dz.

Tricky integrals

/exp (51lnz)dx SwinBee 2023

The integrand simplifies before we integrate:

6

exp (blnz) = exp (111:175) = ) /exp (5Inx)dr = ‘% +C.
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26
Answer: 3 +C

Always check whether the integrand simplifies first!

s
/ M sin® (w2) dx SwinBee 2024

—Tr
The limits are symmetric about 0, so we check whether the integrand is odd. The factor 2! is odd,
and sin® (z?) is even since it is a function of 22. So the integrand is odd, and

/ M sin® (:cz) dz = 0.
Answer: 0

An antiderivative can be found, by substituting « = 2% and then using integration by parts several
times, but symmetry gives the answer immediately.

1/6
/ (1 + 2z + 32 + 423 + 52t + 62° 4 - ) dx SwinBee 2019
0
First we sum the series. It is the derivative of the geometric series 1 + = + 22 + 23 + - -- = 1;,
which converges for |z| < 1, so
d 1 1
14224322 + 42 4+ = — = o)
de |1 —z (1—2x)
The interval [0, 1] lies inside || < 1, so
/1/6 d [ 1 }1/6 1 6 1
- - —1=—_—1="C.
o (1—z)? [1-z], 5/6 5 5
1
Answer: —
5
Alternatively, integrate term by term: fol/ S nanlde =3 ()" = 1i/1€}6 =1
Lot (1—a)?
— 5 —dx SwinBee 2024 and 2025
0 14+

Expand the numerator and use long division to divide by 1 + 2

4 4 8 7 6 5 4
1-— —4 —4 4
@ ( z) _ 7t T F 6z v =28 — 42+ 52t — 4P 4 - ——.
1+ 22 1+ 22 1+ 22
Each term can now be integrated:
1,4 4 7 6 3 1
1-— 2 4
/x(f)dx: m——i+x5—i+4x—4arctanx
0 1+ 7 3 3 0
1 2 4 22
=———=4+1—=-4+4—-—7=— —7.
- 3+ 3+ s - T

22
Answer: - T

Since the integrand is positive on (0, 1), this shows that 7 < % The integral is long, but it does
not need any special insight.
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